Abstract. In this paper, we develop an iterative approach to span the whole set of exotic matter models able to drive a traversable wormhole. The method, based on a Taylor expansion of metric and stressenergy tensor components in a neighbourhood of the wormhole throat, reduces the Einstein equation to an infinite set of algebraic conditions, which can be satisfied order by order. The approach easily allows the implementation of further conditions linking the stress-energy tensor components among each other, like symmetry conditions or equations of state. The method is then applied to some relevant examples of exotic matter characterised by a constant energy density and that also show an isotropic behaviour in the stress-energy tensor or obeying to a quintessence-like equation of state.
Introduction
Wormhole solutions to Einstein equation, from the topological point of view, can be seen as handles connecting two asymptotically flat regions of the space-time manifold, i.e. a short-cut or a bridge linking together two distant regions of the same space-time. Such solutions were conceived as particle models by Einstein himself in 1935 (Einstein-Rosen bridge [1, 2] ) 1 . However, an Einstein-Rosen solution turns out to be just a portion of the Schwarzschild's metric [3, 4] describing a Black Hole (BH), therefore the bridge cannot be crossed [5, 6] . In 1988, the seminal work by K. Thorne and M. Morris [7, 8] led to a more deep understanding of wormhole physics, in particular introducing the concept of a traversable wormhole. The authors in Ref. [7] showed that in order to achieve traversability one has to demand the metric to be event horizons free 2 . This feature, combined with Birkhoff's theorem, implies that a traversable asymptotically flat wormhole must be a solution of Einstein equation in presence of some kind of matter (so-called "exotic matter") with non standard stress-energy tensor, namely in a neighbourhood of the wormhole throat the radial tension τ must exceed the total energy density ρ. The region around the throat, where such matter is confined [7, 20, 21] , shows a violation of the Null Energy Condition (NEC) [5, 8, 22, 23] . Note that the relation τ > ρ implies that an observer radially moving into a wormhole with velocity close to the speed of light observes negative values for the mass-energy density associated with the exotic matter.
In order to study possible sources of a traversable wormholes, one typically postulates some equation of state for the non vanishing components of stress-energy tensor of exotic matter and then tests if it is compatible with the wormhole metric [7, 24, 25, 26, 27] . In this work we follow a different approach in order to characterise, on general grounds, the whole set of exotic matter models able to drive wormhole metrics. The result is based on the expansion of the metric and the stress-tensor components in a neighbourhood of the wormhole throat that allows to transform the Einstein equation in an infinite set of algebraic conditions. Interestingly, with an appropriate choice of free parameters, the algebraic equations, up to some order in the expansion, admit a simple solution that can be iteratively generalised to all orders. The method allows to implement, in a straightforward way, possible further conditions linking the stress-energy tensor components among each other, i.e symmetry conditions or equations of state.
The paper is organised as follows. In Section 2 we briefly describe a traversable static spherically-symmetric wormhole and the conditions that must be imposed on the corresponding source candidates. In Section 3 we propose our iterative method able to characterise exotic matter close to the wormhole throat. In Section 4 we apply the method for relevant examples of exotic models. Finally we give our conclusions in Section 5.
Traversable Wormholes and Exotic Matter
Let us consider a static and spherically symmetric traversable wormhole. According to Ref. [7] the most general metric without horizons in the Schwarzschild coordinate system (t, r, θ, φ) [7, 5, 28, 29] is
where the quantities b(r) and Φ(r) denote the so-called shape and red-shift functions, respectively. Although the previous metric does not have any horizon, further constraints have to be imposed in order to obtain a traversable wormhole (see Ref. [7] for a detailed discussion). In fact one has to satisfy the flaring outward condition implying [7, 5] 
near the wormhole "throat", which is defined as the narrowest region of the wormhole where the radial coordinate takes its minimum value, hereafter denoted by r 0 [7, 5] . Furthermore, it can be shown that r and b(r) must have the same value at the throat, namely b(r 0 ) = r 0 [7] . Hence in r 0 one gets from Eq. (2)
According to Birkhoff's theorem a traversable wormhole solution to Einstein equation, showing the desired symmetry properties, can only be achieved in the presence of matter possessing a non-trivial stress-energy tensor. In order to identify such class of peculiar stress-energy tensors it is convenient to adopt the proper reference frame (t,r,θ,φ), which is defined as the coordinate system at rest in the Schwarzschild frame (t, r, θ, φ). According to Ref. [7] , the transformations between these two frames are given by
In this system of coordinates, the metric g µν locally reduces to the Minkowski's one. Remarkably, in the proper reference frame, the Einstein tensor G µν results to be diagonal and its non-vanishing components are [7] 
The Einstein equation implies that the stress-energy tensor T µν has to be diagonal as well, hence one can parametrise it as follows Ttt = ρ(r) ,
where the quantities ρ(r), τ (r) and p(r) denote the total mass-energy density, the tension per unit area in the radial direction (the opposite of radial pressure), and the pressure in lateral directions (the transverse pressure), respectively. The flaring outward condition reported in Eq. (2) can be rewritten in terms of the T µν components. In particular, near the wormhole's throat (where r and b(r) approaches the same value r 0 ) the tension τ (r) must exceed the energy density ρ(r) τ (r) > ρ(r) .
It turns out that in order to get a traversable wormhole the matter has to exhibit a very "exotic" behaviour. Any material satisfying such property (7) is defined exotic. It violates the Null Energy Condition (NEC) [5, 7, 30, 29] . The flaring outward condition, provided by the two equivalent expressions in Eq. (3) and (7), plays a relevant role in the identification of viable sources for wormhole metric as it will be clarified in the following.
Equation of State for Exotic Matter in a Neighbourhood of the Wormhole Throat
As shown in the previous Section, in the proper reference frame the expressions of G µν and T µν tensors simplify, hence the Einstein equation
where m P stands for the reduced Planck mass in natural units, reads
By using m P one can recast all quantities involved in Eq. (9) in terms of dimensionless ones, namelyr
where hereafter the prime ( ′ ) denotes the derivative with respect tor. In the standard approach once provided a particular expression for stress-energy tensor one can use the Einstein equation (10) to look for the functionsb andΦ of the wormhole metric (see for instance Ref.s [7, 24, 25, 26, 27] ). As one may expect, only for particular type of matter a wormhole solution can be found.
In this paper we assume a different approach. We aim to characterise the whole set of exotic matter models able to drive a wormhole, and to achieve such a goal we expand all quantities entering in Eq.s (10) around the throat, placed atr =r 0 ≡ r 0 m P , namelyb
The dimensionless coefficients appearing in the above expressions are given bȳ
By substituting such expansions in Eq.s (10) one obtains, order by order in the relative distance from the throat (r −r 0 )/r 0 , a set of algebraic conditions. Note that in view of the results of previous section one has to fixb 0 = 1 and b 1 < 1. Listing the algebraic equations up to the second order in the expansion one gets -zero-th-order conditions
-first-order conditionsρ
-second-order conditionsρ
It is worth observing that all the previous equations hold for any value ofr 0 . Hence, one can choose an arbitrary value of throat size and then obtains the corresponding dimensional quantities entering in Eq.s (9) . As one can see from equations (15)- (23) for each order of the expansion five new coefficients enter into the game, whereas three new conditions must be satisfied. Hence this implies that one can arbitrarily fix two of such quantities to obtain all the others. Since we are interested in characterising the source candidate for a wormhole, we consider, order by order, as free parameters the values ofρ i andp i (total energy density and transverse pressure). Thus we get from the set of algebraic equations the corresponding tension in the radial directionτ i and the metric parameters of wormholeb i andΦ i . Applying such method to previous set of equations one gets -zero-th-order solutionsb
-first-order solutionsb
-second-order solutions
where for seek of brevity we have not substituted in Eq.s (31) and (32) the expressions (26), (27) , (29) and (30) . This approach provides an algebraic iterative method applicable up to any order of the expansion in the relative distance from the throat. In other words, one fixes arbitrarily the functionsρ(r) andp(r), hence getting the corresponding coefficients in the expansions (14) , and then solves the algebraic equations, order by order, for the coefficients ofτ (r),Φ(r) andb(r). The method, by allowing to fix arbitrarilyρ(r) andp(r) in order to get the onlyτ (r) compatible with a wormhole metric, explicitly provides all viable models for the exotic matter.
The set of equations (24)- (32) further simplifies if one considers additional constraints linking each other the components of the stress-energy tensor, like for example a generic equation F (ρ,p,τ ) = 0. As will be clarified in the following, this is the case of symmetry conditions or equations of state. By using the expansions (14) and substituting them into the expression of F (ρ,p,τ ) we get further algebraic conditions that have to be added, order by order, to the previous list of Eq.s (24)- (32) . In particular, we have -additional zero-th-order condition
-additional first-order condition
-additional second-order condition
The addition of such further equations reduces the d.o.f of the solutions. In particular one cannot fix arbitrarily both ρ i andp i at any order, but just one of the two. Far away from the wormhole throat, the metric must approach the Schwartzschild's vacuum solution [5, 7] . A common choice to implement such condition is to bound the exotic matter into a finite spherical region of the spacetime of radiusR. Such finite region (r ≤R) is then surrounded by a shell of different material [5, 7, 31] . Outside the shell, the space-time metric must be the spherically symmetric solution to Einstein equation in vacuum (Schwartzschild space-time) [7, 31] 3 . Moreover, the size of the finite region containing the exotic material cannot be completely arbitrary. Indeed, one has to require that the shape functionb(r) has only one point whereb(r) =r, which by construction is already verified forr =r 0 . If a radiusr * >r 0 such thatb(r * ) =r * exists, one has to demand that the exotic material is confined in a smaller region of the space-time, providing the upper boundR <r * . Following Ref. [7] , we consider a spherically symmetric junction region with radiusR and thickness (of transition layer) ∆R, filled by a material with constant energy densityρ and transverse pressurep, and linear decreasingτ . This configuration ensures that in the regionR ≤r ≤R + ∆R (transition layer) the functions featuring in Einstein equation read [7] 
In the region outside the shell (r >R + ∆R), the shape functionb(r) is constant and its value is given byb(R + ∆R) = 2b(R) = 2M , whereM is the dimensionless mass featuring in Schwartzchild's solution. From the Einstein equation, we haveM
Such a mass is in general a function of the quantities involved in the stress-energy tensor of the exotic material driving the wormhole and depends on the size of the wormhole throatr 0 and onR as well.
Finally, the matching between the wormhole solution in the regionr <R and the Schwartzchild's one in the region r >R + ∆R determines the value taken by the redshift function at the wormhole throat Φ (r 0 ) =Φ 0 . Such a value is indeed not involved in the Einstein equation as can be seen from Eq.s (24)- (32) . By considering the junction functions in the thick shell reported in Eq.s (36) , one obtains
The Method for Relevant Examples of Exotic Models
In the present session we present few examples of interesting exotic models that could resemble reasonable physical systems at least in terms of their properties. In all these cases the output of the approach are the proper radial distributions of stress-energy tensors capable to drive a wormhole, provided at a certain order of approximation.
Sphere of isotropic exotic material with constant energy density
An interesting example of the above method is provided by considering a sphere of isotropic (F (ρ,p,τ ) =τ +p = 0) exotic matter characterised by constant energy densityρ(r) =ρ 0 up to a radiusR (see footnote 4 ). In this case one getsb (r) =r 0 1 +ρ
It is worth observing that the expression of the shape function is exactly determined, namely the algebraic conditions forb n with n ≥ 4 do not involveρ 0 . On the other hand, in case of constant mass-energy density one may also integrate straightforwardly the first of Eq.s (10) . Note that forρ 0 ∈ ]0, 1[ there exists a real positive valuer
Since we wantr 0 to be the only fixed point ofb(r), exotic materials with positiveρ 0 properly drive traversable wormholes only ifR <r * . On the other hand, if one assumesρ 0 < 0, the conditionr * =r 0 cannot be satisfied. Finally, by the expressions of the shape functionb(r) and the junction functions reported in Eq.s (36) , we obtain the correspondingM of the Schwartzchild's solution in case of a constant and isotropic sphere of exotic matter. In particular, according to Eq. (37) we haveM =r 0 1 +ρ
Using the expression ofr * as upper bound ofR, one gets the maximum Schwartzchild mass obtainable for positive constant mass-energy density that reads
Note that varyingρ 0 ∈ ]0, 1[, the massM max results not bounded from above. It is worth observing that under the condition of isotropy and assuming this time a constant pressure the flaring outward constraint cannot be satisfied, hence no traversable wormholes can be constructed with such matter.
Such a constraint also implies that the mass-energy density is positive near the wormhole throat. Substituting the approximated expression forρ(r) in Eq. (37), we obtain the massM of the exterior Schwarzschild space-time:
As in previous examples, we have to requireR ≤r * , wherer * >r 0 is the solution of equationb(r * ) =r * (if it exists). In particular, we havē
where
This implies thatr * takes a real value only if, for a given value of γ > 1, the quantity ω satisfies the following constraint
For all the values of γ > 1 and ω satisfying the above inequality, the radiusr * of Eq. (50) provides the maximum allowed value forR, implying a corresponding maximum value for the massM .
Conclusions
We describe a simple approach able to span the whole set of exotic matter models driving a wormhole solution of Einstein equation. The method is based on a Taylor expansion of the stress-energy tensor components (total energy density, the radial tension and the transverse pressure) and of the wormhole metric (the shape and the red-shift functions) in the relative distance from the wormhole throat. By substituting such expansions in the Einstein equation one transforms the three nonlinear differential equations in an infinite set of algebraic conditions for the coefficients of the five expansions. For each order of the expansion we have five new coefficients entering in the set of equations and at the same time three new conditions to be satisfied. This allows to fix arbitrarily two quantities out of five. If one chooses to assign the total energy density and the transverse pressure, all the other quantities, namely the radial tension, the shape and the red-shift functions are completely determined. Note that the algebraic equations, order by order can be easily solved and this allows for an iteration of the procedure. Moreover, the approach makes straightforward the implementation of extra constraints on the kind of exotic model considered, like a generic condition F (ρ,p,τ ) = 0 linking the stress-energy tensor components among each other. This is the case if one assumes symmetry conditions (like for example isotropic exotic matter), and/or a particular equation of state. In this case the d.o.f. of the possible solution reduce, and hence one can arbitrarily fix just one quantity between the total energy density and the transverse pressure, having the other completely determined. Limiting the exotic material to sphere of given radius, the matching conditions with the asymptotic Schwartzchild's solution are also discussed.
The method has been applied to some relevant examples of exotic matter characterised by constant mass-energy density and isotropy, or described by quintessence-like equations of state. In all cases the approach provides, up to a certain order of the expansion in the relative distance from the throat, the radial profile of all quantities involved in the physical system.
